MAXIMAL COMPLEXIFICATIONS OF CERTAIN 
RIEMANNIAN HOMOGENEOUS MANIFOLDS 



S. HALVERSCHEID AND A. IANNUZZI* 

Abstract. Let M = G/K be a Riemannian homogeneous manifold with 
dimcG c = dim^G , where G c denotes the universal complexification of G. 
Under certain extensibility assumptions on the geodesic flow of M, we give a 
characterization of the maximal domain of definition in TM for the adapted 
complex structure and show that it is unique. For instance, this can be done 
for generalized Heisenberg groups and naturally reductive Riemannian homo- 
geneous spaces. As an application it is shown that the case of generalized 
Heisenberg groups yields examples of maximal domains of definitions for the 
adapted complex structure which are neither holomorphically separable, nor 
holomorphically convex. 



1. Introduction 

It is well known that complexifications of a real-analytic manifold M exist 
and are equivalent near M, but differ usually very much in nature. If a complete 
real-analytic metric on M is given, one can construct canonical complexifications 
of M compatible with the metric by defining an adapted complex structure on a 
domain Q of the tangent bundle TM (see [|GS|1 and |[LS|D . This can be charac- 
terized by the condition that the "complexification" (x + iy) i— > yy'(x) G Q of 
any geodesic x i— > j(x) of M be a complex submanifold near the zero section. 
By the results of Guillemin-Stenzel and Lempert-Szoke cited above, the adapted 
complex structure exists and is unique on a sufficiently small neighborhood of 
M . Here M is identified with its zero section in TM . 

In particular it is natural to ask for maximal domains around M on which it 
exists which, by functoriality of the definition, may be regarded as invariants of 
the metric, i.e., isometric manifolds have biholomorphic maximal domains. For 
instance examples are known for symmetric spaces of non-compact type ( |[BMH |), 



compact normal Riemannian Homogeneous spaces ( [(Sz2|| ), compact symmetric 



spaces ( ||Bzl|| ) and spaces obtained by Kahlerian reduction of these (@). Note 



that in the mentioned cases maximal domains turn out to be Stein. 

The aim of this work is to characterize maximal domains for the adapted com- 
plex structure for a class of Riemannian homogeneous spaces with "big" isometry 
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group. Let M = G/K , with G a Lie group of isometries and K compact, and 
assume that dim<cG c = dim^G , where G c is the universal complexification of 
G . Then K c acts on G c , the left action on M induces a natural G -action on 
TM and under certain extensibility assumptions on the geodesic flow of M one 
obtains a real-analyti and G-equivariant map P : TM — > G c /K c such that (see 
Theorem |3.2| for the precise statement) 

The connected component of the non-singular locus of DP containing M is the 
unique maximal domain on which the adapted complex structure exists. 

This applies to the case of naturally reductive Riemannian homogeneous spaces 
(corollary [3~3D and of generalized Heisenberg groups (see Sect. 4 and 5). 

As an application it is shown that for all generalized Heisenberg groups such 
maximal domain is neither holomorphically separable, nor holomorphically con- 



vex (Proposition |5.1|) . We are not aware of previous non-Stein examples. In the 
case of the 3-dimensional Heisenberg group we determine its envelope of holo- 
morphy as well as a certain maximal Stein subdomain (Proposition |4.3| ). 



2. Preliminaries 

Here we introduce notations and briefly recall basic results we will need in the 
present paper. Let M be a complete real-analytic Riemannian manifold which 
will be often identified with the zero section in its tangent bundle TM . Following 



jS| (see also [|GS|| for an equivalent characterization) we say that a real-analytic 
complex structure defined on a domain Q of TM is adapted if all complex 
leaves of the Riemannian foliation are submanifolds with their natural complex 
structure, i. e., for any geodesic 7 : R — > C the induced map / : C — > TM 
defined by (x + iy) 1— > yj'(x) is holomorphic on / _1 (fi) with respect to the 
adapted complex structure. Here yf(t) G T^mM is the scalar multiplication in 
the vector space T y ^M. 

The adapted complex structure exists and is unique on a sufficiently small 
neighborhood of M and if O is a domain around M in TM on which it is 
defined, we refer to it as an adapted complexification. Sometimes these are called 
Grauert tubes. For later use we need the following 



Lemma 2.1. Let F : TM — > C be a real- analytic map which is holomorphic on 
any complex leaf of TM in a neighbourhood of M . Then F is holomorphic on 
every adapted complexification. 



Proof. Following the proof of [Szl, Prop. 3.2 p. 416] one checks that the re- 
striction of F to M extends to a holomorphic map F in a neighborhood 
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U of M C TM where the adapted complex structure Jo exists and, in or- 
der to have connected leaves, U may be assumed to be starshaped. By as- 
sumption we can also assume that for any geodesic 7 : K —>■ M the map 
x + iy 1 — > F(y ■ 7 ; (x)) is holomorphic for all x + iy such that yj'(x) G U. 
Now F = F on 7(R) C M C TM , therefore F = F on every complex leaf, i.e., 
on U . In particular DF o J = i DF on [/ and since all maps are real-analytic 
the statement follows from the identity principle. □ 



A real Lie group G acts on a complex manifold X , i.e., X is a G-manifold, 
if there exists a real-analytic surjective map GxI->I given by (g, x) 1— > g ■ x 
such that for fixed g £ G the map x 1— > g • x is holomorphic and (g/i) • x = 
g ■ (h ■ x) for all h,g E G and x G X. Furthermore if dimjR G = dime G c , 
where t : £? — > G c is the universal complexification of G (see e.g. |Ho| ), 



then Lie(G ) = Q and one obtains an induced local holomorphic G c -action by 
integrating the holomorphic vector fields given by the G-action. Here q denotes 
the Lie algebra of G. 

Let M = G/K be a Riemannian homogeneous manifold with G a connected 
Lie group of isometries and K compact, and consider the induced G-action on 
TM defined by g ■ w := g*w for all g G G and w G TM . Then if Q is a 
G-invariant adapted complexification, as an easy consequence of the definitions 
g* is a biholomorphic extension of the isometry g , i.e., G C Aut(Q) . 

If one assumes that dim^ G = dime G c , then the natural map t : G — » G c is 
an immersion and from the universality property of the universal complexification 
K c of X it follows that the restriction l\k of 1 to X extends to an immersion 
t c : K c — > G c . Moreover the subgroup l c (K c ) acts by right multiplication on 
G c and one has a commutative diagram 

G G- 



I I 

G/K -> G c A c (/i" c ). 

Also notice the G-action on G C A C (K" C ) defined by g-hL C {K c ) := L{g)hL C {K c ) 
for all # G G and h e G c . 



Lemma 2.2. Let G be a connected Lie group, K a compact subgroup and as- 
sume that dimcG c = dim^G. Then G c /l c (K c ) is a complex G-manifold and 
dime G c /l c {K c ) = dim M G/K. 



Proof. One needs to show that f{K c ) is closed in G c . Note that G c /i c (K c ) is 
the orbit space with respect to the X c -action on G c defined by k-h := h L(k~ r ) 
for all k G K c and h G G c . Since G c is Stein (Pe|) and K c is reductive it 
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follows that every fiber of the categorical quotient G c — > G c //K c is equivari- 
antly biholomorphic to an affine algebraic variety on which K c acts algebraically 
([pn|). In particular there exists at least one closed i^ c -orbit and consequently 
i c (K c ) is closed in G c . Thus G c /i c (K c ) is a complex G-manifold and by 
construction its complex dimension is dim^ G/K . □ 



3. A CHARACTERIZATION OF MAXIMAL ADAPTED COMPLEXIFICATIONS 



If M = G/K is a symmetric space of the non-compact type, then G c /K c is 
a natural candidate for a complexification of M and there exists a G-equivariant 
map P : TM — » G c /K c embedding holomorphically a maximal adapted com- 
plexification of M (see ||BHH ] , [ [Ha|| , |[AG|| ). As a matter of fact one may show 
that DP is singular on the border dfl of Q. 

Here we consider a Riemannian homogeneous manifold M = G/K endowed 
with the additional data of a certain real-analytic G-equivariant map P from 
TM to a suitable complex G-manifold, characterizing a maximal adapted com- 
plexification Qm as the connected component of { DP not singular } containing 
M. Unicity of Qm follows. 

The existence of such a data is proved when dime G c = dim^ G and the 
geodesic flow "extends" holomorphically on G / l (K ) (cf. Lemma pT2| ) . As a 
consequence the characterization applies to the case of naturally reductive Rie- 
mannian homogeneous spaces and of generalized Heisenberg groups. 



Proposition 3.1. Let M = G/K be an n- dimensional Riemannian homoge- 
neous space and X a G-complex manifold of complex dimension n such that the 
induced local G c -action is locally transitive. Assume there exists a real- analytic 
map P : TM — > X which is 

i) G — equivariant and 

ii) holomorphic on every complex leaf of TM. 

Then the connected component Qm of {p G TM : DP P not singular } con- 
taining M is the unique maximal adapted complexification and P\n M is locally 
biholomorphic. 



Proof. First we show that VLm is well defined, i.e., DP has maximal rank along 
M . Since from Lemma |2.1| it follows that P is holomorphic on M with respect 
to the adapted complex structure, this is a consequence of the following 

Claim: Assume that P is holomorphic in p e TM. Then DP p has maximal 
rank. 
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Proof of the claim: Since G c acts locally transitively on X , there exist elements 
£1, ■ • ■ ,£ n of such that the induced vector fields £x,i, • • • , £x> 011 X span a 
totally real and maximal dimensional subspace Vpua of Tp^X , where 



expect) • x 







for j = 1, • • • , n and all x G X. By equivariance it follows that DP P (V P ) = 
Vp(p) , where is the subspace of T P TM spanned by £tm,i, • • • ,£,TM,n, here 







(it 



exp G (t£) -q for all g G TM. In particular dimuV^ = n and since 



P is holomorphic in p, V p is totally real and DP p has maximal rank, proving 
the claim. 

Now we see that the pulled-back complex structure J Q on Qm of the complex 
structure J on X is the adapted complex structure. For this consider a complex 
leaf / : C — > TM defined by f(x + iy) :— y ■ j'(x) , where 7 is a geodesic of M , 
and note that by ii) 

DP o Df{irf) = DP o J Q o Df(rj) 

for all 77 tangent in f~ 1 (QM) ■ Since DP has maximal rank on Qm , then 

Df(i V ) = J oDf(r]) 

showing that J Q is the adapted complex structure. In particular P\n M is locally 
biholomorphic. 

In order to prove maximality, assume that J D extends analytically in a neigh- 
borhood of a certain p G DQm C TM . By construction DP o J Q = J o PP on 
Qm and since all maps are real-analytic P is holomorphic in p . Then the above 
claim shows that DP P has maximal rank, contradicting the definition of Om- 

Finally we want to show that any adapted complexification Q is contained 
in Qm- If this is not the case, there exists a point p in Q n and from 



Lemma |27L| it follows that P|^ is holomorphic. In particular P is holomorphic 
in p and one obtains a contradiction arguing as above. Thus Qm is unique and 
this concludes the statement. □ 

Now we determine a class of Riemannian homogeneous spaces to which Propo- 



sition [O] may be applied in order to determine the maximal adapted complexi- 
fication. 

Theorem 3.2. Let M = G/K be a Riemannian homogeneous space with 
diniK G = dime G c and assume there exists a map (p : C x T^M 1— ► q c real- 
analytic and holomophic on the first component such that ip(Mx TkM) C q and 
t I— > exp G oip(t, v)K is the unique geodesic tangent to v at for all v G TkM . 
Then the map 

P : TM h-> G c /l c (K c ) 
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defined by 

P{g*{v)) := L(g)e WG c(<p(i,v))L C (K c ) 

for all g G G and v G TkM is as in Proposition \3. 4 In particular the con- 
nected component Qm of {p G TM : DP p not singular } containing M is 
the maximal adapted complexification and P\n M is locally biholomorphic. 

Proof. In order to prove that P is well defined we need to show that if w = k*v 
for some k G K and v G T^M then P(w) = P(k*v) , i. e., 

(1) exp G c(<f(i,w))L C {K c ) = i{k) exp GC {<f(i,v))i C (K c ). 

For this note that t \— > k exp G otp(t, v)K is the unique geodesic tangent to w at 
in K, thus 

exp G oif(t, w)K = k exp G o<^(t, v)K . 

Then the commutativity of the diagram 

- C 

1 exp G | exp G c 
G A G c 

implies that 

exp GC o(f(t,w)i C (K c ) = i(k)(exp G c oip(t,v))L C (K c ) 

for all t G R and equation (|l|) is a consequence of the identity principle for 
holomorphic maps. 

Now define <P(z, v) := exp G c o<p(z, v) for all z G C and v G T K M and, in 
order to simplify notations, assume that the canonical immersion i : G —>■ G c is 
injective so that once we identify G with i(G) the curve j(t) := <P(t,v)K is the 
unique geodesic tangent to v at . In what follows it is easy to check that all 
arguments apply to the case where t is a non-injective immersion. 

Fix x G M , let g :— <P(x, v) and note that 

V >-> g$(y,g~W(x))K 

is the unique geodesic tangent to 7 / (x) at . Therefore one has 
$(x, v) <%, g- x i(x))K = $(x + y, v)K 

for all y G IR and by the identity principle it follows that 

(2) *(x, v) <P(z, g~W{x)) l C (K c ) = ${x + z, v) l c (K c ) 



MAXIMAL COMPLEXIFICATIONS 



7 



for all v G Tft-M, x G R and 2; G C . For h G G and t> G T^M consider the 
unique geodesic 7(2) := ft, • 7(2) tangent to h*(v ) at . One has 

P(yfOr)) = P(Kyj'(x)) =hP{g*g: x yi{x)) = hg$(i,y g?i \x)) l c (K c ) = 
h$(x,v)$(iy, g- l i{x))i C {K c ) = h<P(x + iy,v) 6 C (if c ), 

where we used (0) and the fact that <P(z,yv) (P(K C ) = <P(zy,v) t c (K € ) for all 
z G C , since this holds for all z G M . As a consequence the map (x + iy) 1— > 
P{y^f'{x)) is holomorphic for all geodesies 7 of M , i.e., P is holomorphic on 
every complex leaf of TM. 

Finally the map P is G-equivariant by construction and the G-action on 
G c /l c (K c ) induces a holomorphic G c -action which may be obtained through 
left multiplication on G c . Thus it is obviously transitive and this yields the 
statement. □ 



Now let M be a naturally reductive Riemannian homogeneous space and 
M = G/K be a natural realization of M , i.e., there exists a reductive decom- 
position = Lie(K) © m of the Lie algebra of G such that every geodesic 
in M is the orbit of a one parameter subgroup of G generated by an element 
of m (see e.g. ||BTV|| ). Consider the natural projection II : G — » M and 
note that PII e (m) = T^M, where e is the neutral element of G. Denote by 
L : TrM — > m the inverse of the restriction of PII e to m . Since L is linear 
it extends C-linearly from (T K M) C to m c and the map cp : C x T K M — ► g c 
defined by (p(z,v) := zL(v) is as in the above Theorem. Therefore one has 



Corollary 3.3. Let M = G/K be a natural realization of a naturally reductive 
Riemannian homogeneous space and assume that dim^G = dimcG c . Then the 
map 

P:TM -> G c /i(K c ) 

defined by 

P{g*{v)) ■= <9) e WG c(iL(v)) i(K c ) 

for all g G G and v G T^M meets the conditions of Proposition pO| . In particular 
the connected component Qm of {p G TM : DP p not singular } containing 
M is the maximal adapted complexification and P\u M is locally biholomorphic. 
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4. The 3-dimensional Heisenberg group 



Here we apply results of the previous section in order to give a concrete de- 
scription of the unique maximal adapted complexification for the 3-dimensional 
Heisenberg group. It turns out that such domain is neither holomorphically sepa- 
rable, nor holomorphically convex. We also determine its envelope of holomorphy 
and a particular maximal Stein subdomain. We remark that in all previous ex- 
amples we are aware of, maximal adapted complexifications are Stein. 

Consider the 3-dimensional Heisenberg group defined as a subgroup of GL 3 (R) 
by 

j- / 1 a 7 \ ) 

H := { \ 1 (3 : a,(3,~r e R } , 



fix the inner product of the tangent space T e H in the neutral element e for 
which the canonical basis determined by the global natural chart (a,/3, 7) is 
orthonormal and let (a, b, c) be coordinates of T e H with respect to this basis. 
Endow H with the induced if -invariant metric 

(da) 2 + (d/3) 2 + (d 7 - a • d(3) 2 , 
let I) = Lie{H) and define ^:ix T e H -»• by 

(Kt.M.c)) := f a fW?f) _ 6 l-<rafcO , feg m(te) +a l-cos(t C ) / + / _ singe) 

\ c c c c \ 2c 2 \ c 

where the coordinates of f} are induced by those of T e H via the natural identifi- 
cation f) = T e H . Note that all singularities are removable and consequently (f is 
real- analytic. Following [BTV, Th. p. 31] one checks that t 1— > exp^ o^?(i, (a, 6, c)) 
is the unique geodesic tangent to (a, 6, c) at . Furthermore by expanding the 
power series it is easy to verify that <£>(• , (a, b, c)) extends holomorphically on 
C to (T e if) c and by considering the polar decomposition if x f) — > if c of H c 
given by (p, £) 1— > (7 exp#c(i£) , one obtains real-analytic functions (a, 6, c) 1— ► 

h{a,b,c) £ -H" an d ( a ; c ) — ► £(a,6,c) £ su cll that 

exp^c op(i, (a,6,c)) = fy a , 6 , c ) exp H c(i£( 0j6 , c ))- 

Define P : Tif -> H c = H x fj by 

g*(a,b,c) i-> 51 exp^c o<p(i, (a,6,c)) = ( ^( a ,6,c) , C(a,M ) ■ 



Then Theorem |3.2| implies that the connected component containing if of 
{ DP not singular } is the maximal adapted complexification. Note that since P 
is if-equivariant, Qjj is if- invariant. Moreover T e H is a global slice for the in- 
action on TH , i.e., the map HxT e H — ► Tif given by (a, 6, c)) — > g*(a, 6, c) is 



MAXIMAL COMPLEXIFICATIONS 



9 



a i7-equivariant real-analytic diffeomorphism, thus Qh is completely determined 
by its slice Qh H T e H. 

Furthermore H acts freely on the first component of H x [) , then H- 
equivariance of P implies that -D-P s ,( a ,b,c) has maximal rank if and only if 
DP( a ,b,c) has maximal rank, where P := p 2 ° P\t b h '■ T e H — > f) is given by 

-. , . / sinh(c) sinh(c) / a 2 + b 2 \ \ 

P(a, b, c) = £( ,6, c ) = I a , b , I 1 H (c - smh(c) cosh(cj) I c I . 

Here p 2 '■ H x i) — > [) is the canonical projection. It follows that = H ■ Oq , 
where Oo is the connected component of {det (-DP) 7^ 0} containing in T e H . 
Now a straightforward computation shows that 

, t , n 5 x sinh(c) / sinh(e) 2 2 / sinh(c) - c cosh(c) N\ 
det(DP (0ii , iC) ) = — — — — + (a +b) ^ j j , 

therefore 

= {(a,b,c)eT e H : a 2 +b 2 < *JE^$—\ . 

( c cosn(c) — sinn(c) J 

We want to discuss injectivity of P\n H '■ — > H c = H x f) and again this is 

equivalent to injectivity of P\o ■ 

Note that P is equivariant with respect to rotations around the c-axis as 
well as to the reflection a with respect to the plane { c = } . In particular for 
any 

f a 2 + b 2 \ 
(a, b, c) S < 1 H ^-g — (c — sinh(c) cosh(c)) = > 

one has P(a,b,c) = P(a,b,—c) = ^ a &in ^ c ) ; b sml ^ ; o j . Therefore we are in- 
duced to investigate the domain 

01 :=f (o,6,c)eT e H : a 2 + b 2 < ^ ). 

Lemma 4.1. The domain 0\ is the maximal a -invariant subdomain of Oo 
containing on which P is injective. In particular P\o is not injective. 

Proof. Let fj be the real function defining 

Oj = { (a, b, c) E T e H : a 2 + b 2 < f)(c) } 
for j = 0, 1 . First we want to show that 0\ is a subdomain of Oo , i.e, 

h{c) < He) 
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for all cGl, which is equivalent to 

_ . . ^ sinh(c) sinh 2 (c) , . . 
2cosh(c) < — H ^cosh(c). 

c & 

Expanding in power series one obtains 

2 + c 2 + l c 4 + ... < fl +I C 2 + J_,j* +...) + (l+ + (1 +J_ + ...) c 4 + ...). 

12 ~ V 6 120 J V 6 \6 24 J J 



All coefficients are non-negative and one easily checks that for k > 2 the coeffi- 
cient of c 2k in the last series on the right side is strictly greater than that in the 
series on the left, hence 0\ C Oq . Moreover dO\ fl dOo = { (a, b, 0) G T e H : 
a 2 + b 2 = 3 }, thus Oi is a proper subdomain of O . 

Furthermore by the previous remarks any cr-invariant domain containing 
on which P is injective is necessarily contained in 0\ . 

Assume that there exist (a',b',c'), (a", b", c") G 0\ such that P(a',b',c') = 
P(a",b",c") =: (A,B,C). If C = then c' = c" = and consequently a' = 
a" = A and b = b" = B . If C / by eventually acting with a and a rotation 
around the c-axis we may assume that a, A > , b = B = and c > . Now 
one has 

.sinh(c') ^sinhfc") 
a = a = A 

d c" 

therefore (a', 0, d) and (a", 0, c") lie on the same level curve pa '■ K — > 
given by 

^ (i): =(^)- M )- 

One has the following 

Claim: Let A > and t G R-° such that pa(*o) G O . Then p j4 (t) G O for 
all t> t . 

Proof of the claim: One needs to show that A 2 sin ^^ < /o(^) fo r ah t > t , 
that is 

(3) A' < ^/oW. 

By expanding in power series as above one has the estimate 

2t cosh 2 (t) - 3 cosh(t) sinh(t) + t > 0, 

for all t > , which by a straightforward computation implies that the derivative 
of the function at the right hand side of @ is positive for all t > , proving the 
claim. 

Now let to : = min(c',c") and note that since 0\ C Oo , then as a consequence 
of the above claim there exists e > such that pa{£) G Oq for t > to — e. In 
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particular (a', 0, d) and (a", 0, c") lie in the same connected real one dimensional 
submanifold N := p A {t - e, oo) of O and P\ N : N -> {(A,0, ■ ) G T e PT} ^ R 
is locally diffeomorphic. Then a classical argument implies that P\n is injective, 
thus (a', 0, d) = (a", 0, c") as wished. □ 

We also want to determine the image of P\n H in H c . Note that P(Qh) is H- 
invariant and the polar decomposition implies that exp H c (iq) is a global slice for 
the if-action on H c . Then this can be achieved by describing exp H c(iP(Oo)) = 
F(fifr) nexp H c(ifl) . 

Lemma 4.2. P(O ) = f) \ { (A, B, C) G f) : A 2 + P 2 = 3, C = 0}. 



Proof. Let (a, 0, c) G {a 2 = /i(c)} C dO\ with c > . From the proof of Lemma 
|4~H it follows that (a,0,c)eO . Since P{a,0,c) = (a^M,0,0) and 

v / A(0) = v / 3 and lim = oo 

c— >oo C 

it follows that (A, 0,0) G P(O ) for all A > V% ■ 

For i > let (a, 0, c) G O such that P(o, 0, c) = (A, 0,0). By the 
claim in Lemma ^J] one has Pa(^) £ for all t > c. Moreover one sees that 

(4) P(pA(t)) = (A, 0, C A {t)) with lim C A (t) = oo . 

Then by a-invariance of Oo and a-equivariance of P it follows that (A, 0, C) G 
P(O ) for all C G R, and A > V3 . 

Now note that P(a, 0, 0) = (a, 0, 0) and / (0) = 3, thus (A, 0, 0) G P(O ) 
for all A < a/3 and arguing as above it follows that (A, 0, C) G P{Oq) for all 
C G R and A < y/3 . 

Finally p v ^(0) G <9O , thus p^(t) G O for all t > . It follows that 
1 1— > P(p^(t)) is injective for i > and since 

lini C^{t) = and hm C^{t) = oo 

then (a/3, 0, C) G P(O ) if and only if C ^ . 

The statement follows from the invariance of Oo and the equivariance of P 
with respect to the group of rotations around the c-axis. □ 

In the picture below one sees the border of Oo and 0\ determined by fo and 
fi respectively as well as the level curve p 2 in the upper half-plane {6 = 0, a > 
0} of T e H. Since Oq and 0\ are invariant with respect to rotations around 
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the c-axis this completely determine their shape and, by if-equivariance, that of 

n H . 

Proposition 4.3. The maximal domain Qh is neither holomorphically separa- 
ble, nor holomorphically convex, its envelope of holomorphy is biholomorphic 
to C 3 . The maximal a -invariant Stein subdomain of Qh is biholomorphic to 
{( Zl ,z 2 ,z 3 )eC 3 : (Im^) 2 + (Imz 2 ) 2 <3}. 



Proof. From [CIT, Prop. p. 543] it follows that any holomorphically separable 
Riemann ii-domain over H c is univalent. Moreover Lemma |4.1| implies that 
P\n H '■ &>h H c is not injective, therefore Qh is not holomorphically separa- 
ble. 

By a result of Loeb ([L, Th. p. 186]), a Stein if-invariant domain U of H c is 
"geodesically" convex, i.e., it is convex with respect to all curves of the form 
t i— > g exp H c (it£) , with g 6 U and ( 6 |. Since H c admits polar de- 
composition and U is iJ-invariant it is enough to consider curves of the form 
exp H c(irj) exp H c(it£) , with exp H c(irj) G U and £ e t) . Furthermore for a two 
steps nilpotent Lie group one has 

exp H c(ir]) exp H c(it£) = exp H c(ir] + it£ - -[?7,£]) = 

exp^c(- ~[v,£}) exp H c{i{n + tf ) ) 

and using if-invariance one more time we conclude that if U = H ■ exp H c(iD) , 
with D a domain in f) , is Stein then D is convex in the usual affine sense. 
Since P(Qh) = H ■ exp H c(iP(O )) and as a consequence of Lemma O 



the domain P(Oq) is not convex, then P(Qh) is not Stein. Now H is Stein 
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and P\a H is locally biholomorphic, therefore by |R[ there exists a commutative 
diagram 

VLh — &h 

P\ [P 
H c 

where Cl^ is the envelope of holomorphy of Qh ■ Moreover H acts on VLh and 
all maps are if-equivariant. Furthermore P is injective by [CIT, Th. p. 543] and 
if Qh is holomorphically convex then j is surjective and consequently Qh is 
biholomorphic to P(Qh) > giving a contradiction. Hence Qh is not holomorphi- 
cally convex. 

Notice that fl = P{&) contains P(Qh) = H ■ exp H c(iP(Oo)) and the convex 
envelope of P{Oq) is f) , thus by the above arguments the envelope of holomorphy 
(l is biholomorphic to H c = C 3 . 

Finally the maximal convex cx-invariant subdomain of P(Oq) is { (A, B, C) G 
f) : A 2 + B 2 < 3} = P(0 2 ), where 2 :— { (a, 6, c) 6 f) : a 2 + 6 2 < 3-f^ }. 

One checks that 2 C Oi , thus P|o 2 is injective and H ■ 2 is biholomorphic 
to if • exp H c(i-P(0 2 )) . Moreover one has 

exp HC ((A , , J B , ,C , )+2(A5,C')) = 

exp H (A', B\ C) ex VH c(t(A, B,C- ~(A'B - AB') ) ). 

It follows that 

exp-^tf • exp HC (tP(0 2 )) = { (lm Zl ) 2 + (lmz 2 ) 2 < 3 }, 

where (zi, z 2 , z%) = (A' + iA, B' + iB, C + iC) are natural complex coordinates 
of h c = C 3 and this yields the statement. □ 



Remark. Since P is injective on 0\ , then the ii-invariant domain defined by 0\ 
is holomorphically separable. As a matter of fact one may show that P{0\) = 
f) \ { (A, B,C) G f) : A 2 + B 2 > 3, C = 0} and analogous arguments as above 
show that such if-invariant domain is not holomorphically convex. 
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5. Generalized Heisenberg groups 



Here we apply results of the previous section to generalized Heisenberg groups 
exhibiting additional examples of non-Stein maximal domains of existence for 



the adapted complex structure. We refer to |PTV]| for the basic properties of 
generalized Heisenberg groups. 

Let G be a generalized Heisenberg group with Lie algebra g , consider its 
abelian subalgebra 3 := [g,g] and the subspace orthogonal to 3 with respect 
to the G-invariant metric ( • , • ) of G . Then for all V + Y e © 3 = g = 
T e G the unique geodesic tangent to V + Y at can be explicitely given by 
t 1 — > exp G oip G (t, V + Y) for a certain real- analytic map (pa '■ K x T e G — > g (see 
[BTV,Th.p.31]). 

A straightforward computation shows that (fc extends holomorphically on 
C x T e G to g c and analogous arguments as in the previous section imply that 
Q G := G ■ Og C TG is the maximal the adapted complexification, where Oq is 
the connected component of 

{V + YeT e G : det(DP G ) v+Y ^0} 
containing and Pg '■ T e G — > g is given by 

V + Y^l(\Y\)V + (1 + |^| 2 m(|F|))F. 

Here | • | denotes the norm induced by ( • , • ) and the real-analytic functions 
/, m : R — > 1R are defined by 

, . sinh(t) t — sinh(t) cosh(t) 
'(*) ■= — ^— , rn{t) := ~ 3 . 

Now for V + Y E © 3 = T e G with 7^0 and U + X G T v+Y T e G S T e G one 
has 



(DP G ) V+Y (U+X) = ^P G ((V+tU)+(Y+tX))\ t=0 = l'(\Y\)^^-V + l(\Y \)U 



+ I 2{V,U)m{\Y\) + \V\ 2 m'{\Y\)^^\Y + (1 + |K| 2 m(l^l))^- 

Note that the equation is written according to the splitting o©3 and since l(\Y\) 
never vanishes, the -part vanishes if and only if 

jj <y,x)i\\Y\) 

\Y\W\) ' 
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It follows that the central 3-part also vanishes if and only if 

(l + \V\ 2 m(\Y\))X = l^| 2 ^P( 2 ^y m (l^l) " rn'(\Y\)^Y. 

In particular Y and X have to be proportional. Since both sides are homoge- 
neous of degree 1 in X , then (Dip)\/v+Y) is singular if and only if 

(5) l + \V\ 2 m(\Y\) = \V\ 2 \Y\ (2 l ^m(\Y\) - m'(|Y|)) 

An analogous computation shows that (DPg)v+y has maximal rank if Y = , 
thus equation (J|) describes the singular locus of DPq ■ It is remarkable that this 
identity is independent of the fine structure of the generalized Heisenberg group, 
e. g. of its dimension or the dimension of its centre. In particular if H is the 
3-dimensional Heisenberg group considered in the previous section, equation (|5|) 
determines the border of Oh = &h H T e H . Using this fact we are now going to 
show that for a generalized Heisenberg group G there exist many copies of Qh 
embedded as closed submanifolds in f2 G ■ 

Let G be a generalized Heisenberg group and choose non zero elements 
V\ G and Fgj. Then there exists an element Vi G such that the closed sub- 
group exp G (span{Vi, V 2 , Y}) is a totally geodesically embedded 3-dimensional 
Heisenberg group (see [BTV, p. 30]). Denote by / : H — > G such an embedding 
and note that since exp G c : Q c — > G c is a biholomorphism, then / extends to a 
holomorphic embedding J c : H c — > G c of the universal complexification of H 
into the universal complexification of G such that the diagram 

tX DlC c 

I exp HC I exp G c 

// : 4 G c 

commutes. Now I : H ^ G is totally geodesic, thus £ 1— > J o exp^ otp H (t, v) is 
the unique geodesic of G tangent to DI(v) at for all i> G f) . Then 

/ o exp H o ip H (t, v) = exp G o ip G (t, DI(v)) 
and by the identity principle 

(6) I c oexp H c o<f H (z,v) = exp G co<^ G (z, DI{v)) 

for all zeC, since this holds for all z6K. Commutativity of the diagram 
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TH ^ TG 
(7) I Ph I Pg 

ii- 4 (;■ 

follows. For this note that being / a group homomorphism then DI : TH — > TG 
is i^-equivariant, i.e., Dl(g^w) = I(g)*DI(w) for all g G H and w G TH . In 
particular 

P G o DI((fci;) = P G ( I(g)*DI(v) ) = !(</) exp GC o Vg (z, DI{v)) 

for all g E H and t> G T e iJ . On the other hand using equation (j^) one obtains 
J c o P H (g*v) = I c (g exp RC o<p H (i, v) ) = I c (g) I C (exp HC °<p H (i, v) ) = 

P\9) exp G c o(p G (i,DI(v)), 

showing that the above diagram is commutative. 

From the equivariance of DI it follows that DI(Qh) — DI(H ■ Oh) = 
1(H) ■ DI(Oh) and since DI is isometric and the border of Oh is defined by 
equation @ which also describes the singular locus of P G one has 

DI(0 H ) GO G n span{Vi, V 2 , Y}, DI{dO H ) C dO G . 

Thus DI(VL H ) ^ 1(H) x DI(0 H ) is closed in tt G = Gx G . 

Furthermore DI is injective and Ph , Pg ar e locally biholomorphic where 
the adapted complex structure is defined (cf. Theorem PT2|), thus diagram (|7j) 
shows that DI(Qh) — &>h is a closed complex submanifold of Q G . Finally 
by Proposition ( |4.3| ) the domain Qh is neither holomorphically separable, nor 
holomorphically convex, thus one has 



Proposition 5.1. Let G be a generalized Heisenberg group. Then the maximal 
adapted complexification Q G is neither holomorphically separable, nor holomor- 
phically convex. 
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